We study the boundary state associated with the decay of an unstable D-brane with uniform electric field, 1 > e > 0 in the string units. Compactifying the D-brane along the direction of the electric field, we find that the decay process is dominated by production of closed strings with some winding numbers; closed strings produced are such that the winding mode carries precisely the fraction e of the individual string energy. This supports the conjecture that the final state at tree level is composed of winding strings with heavy oscillations turned on. As a corollary, we argue that the closed strings disperse into spacetime at a much slower rate than the case without electric field.
Closed Strings and Unstable D-Branes with Electric Field
Decay of unstable D-branes [1] has been studied extensively in the classical limit of open string theory yet our understanding remains limited. Most notably, whether and precisely how closed string degrees of freedom emerge from the decay remains an issue.
For some of effort in searching for fundamental strings in the low energy pictures can be found in [2] [3][4] [5] . Only in the limited setting of 1 + 1 dimensions, a successful recovery of closed strings has been seen, thanks to reinterpretation of old c = 1 matrix model as theory of many unstable D-branes [6] [7] [8] [9] .
For more generic string theories, an important breakthrough came about two years ago, when A. Sen wrote down time-dependent boundary states describing decay of unstable D-branes [10] [11] . This set a stage for more precise questions about evolution of unstable D-branes in fully stringy setting [12] [19] . So far, however, many successful efforts in this regard have been aimed at understanding the homogeneous final state. For questions related to dynamical objects, such as lower dimensional D-branes, the low energy approach still proves much more powerful and also somewhat unexpectedly accurate. 3 One unusual property of this tachyonic system is that all fundamental degrees of freedom one starts with, namely those associated with open strings, will have to disappear eventually. This seems to raise a paradox since the dynamics involves no dissipation: all conserved quantities such as energy, momentum, and gauge charges must survive somehow.
In particular, it is important to note that this has to be true even in the classical limit, g s → 0. We are accustomed to the idea that open string theory is self-contained at classical level and does not require presence of closed strings, however, and we are thus faced with quandary of where to attribute these conserved quantities after disappearance of all dynamical degrees of freedom available at tree level.
Through study of low energy approximation [4] [21] [22] , and also study of boundary states [10] [11], both at tree level, some effective degrees of freedom have been found to carry these conserved quantities. They are called tachyon matter [11] and string fluid [4] . Both carry energy and momentum, while the latter carry in addition the fundamental string charge induced by the electric field on the worldvolume. They can both be viewed 3 Perhaps one of the more beautiful examples of this can be found in the construction of low energy dynamics of solitonic D-branes, starting with the severely truncated low energy approximation of unstable D-branes [20] .
as fluid in that their state is specified completely by the distribution and the flow of energy, momentum, and electric flux. Their equation of states are such that no pressure is present other than the tension along the flux lines [4] [22] [23] .
For instance, the Hamiltonian for the tachyon matter (in the absence of string fluid) collapses to [21] 
where π T is the conjugate momentum to T . The resulting dynamics is that of a perfect fluid with density distribution π T and the rotationless velocity field ∂ i T , i = 1, . . . , p, on the unstable Dp-brane worldvolume. While tachyon matter is intriguing on its own, life becomes more interesting when electric field is turned on. The final state of the decay encodes fundamental string charge in the conjugate momentum π i of the gauge field, which is nothing but the conserved electric flux obeying the Gauss law,
Hamiltonian with electric field is also pretty simple [4] ,
with the Poynting vector
Again the equation of motion from this is fluidic, where the tachyon matter density, π T , interacts with the string fluid density, π i [23] .
As the name suggests, the string fluid behaves remarkably like a continuum of noninteracting Nambu-Goto strings [4] [5] . This prompted the speculation that the string fluid represents seed for formation of closed string as a coherent state of unstable open strings [4] [24] [16] . Irrespective of such effort, on the other hand, a more conservative interpretation is possible in the classical limit. Note that the total energy of an unstable D-brane scales as ∼ 1/g s , so with finite electric field, the amount of fundamental string charge per unit volume is enormous. This fact allows a macroscopic interpretation of the classical string fluid as a collection of large number of long winding strings [4] [25] . At the end of decay process, nothing but closed strings would be left in full string theory, so this is interpretation is both natural and quite satisfying.
Once this macroscopic interpretation of string fluid is accepted, it still remains to attribute the energy and momentum of tachyon matter. Again in real string theory, the only degrees of freedom at the end are closed strings, so it is tempting to view tachyon matter again as large number of highly massive closed string modes. From inspection of low energy dynamics, furthermore, it is suggested that these high frequency modes of strings are not independent of winding strings but rather must be on top of the latter.
Here, one must imagine the closed strings carrying both the winding mode and additional high frequency oscillation modes with the latter moving up and down along the length of strings [25] .
Note that the conserved electric flux π i is different from the electric field strength F 0i in general. Assuming a static configuration, P i = 0, and also π i ∂ i T = 0 for the sake of simplicity, we have the relationship [22] [23],
which also tells us that (F 0i ) 2 lies between 0 and 1. Interpreting the conserved charge π i as the string charge, one finds that this fluid description would be consistent with the closed string picture if we have the following ratio, string charge string energy = e, (1.5)
for individual closed strings [25] , where a new notation is introduced for the size of electric field strength
This picture has been tested by comparing the fluid motion (of low energy open string theory) to motion of many oscillatory Nambu-Goto strings [26] . Both static and dynamics properties have been seen to match precisely.
We arrive at the picture of final state of unstable D-brane decay as a large collection of aligned and stretched fundamental strings with some high frequency modes turned on. For this, we will ask how does the boundary state look like in the late time. One way to answer this is to analyze the decay product of the process, since we should be able to infer some properties of the boundary state by looking at irradiation of closed strings. In particular, contributions to the decay arises dominantly from the disk one point function, one can directly read off the composition of the late time boundary state from the distribution of emitted closed string modes. It is argued that in general one must consider multi-point disk amplitude to see complete decay of the brane, except the case of unstable D0. However, as we will see below, if one considers unstable D1-brane wrapped on a circle, it turns out that one point amplitude suffices in a manner quite similar to the case of unstable D0 case in noncompact spacetime [19] .
Boundary state
Our conventions are as follows. We set α ′ = 1 and define the mode expansion as
Where the worldsheet is a cylinder parameterized by z = e τ −iσ . The commutation relations for spacelike bosons are given by
If a bosonic coordinate X i is compactified on a circle of radius R i , the left and right momenta take the form
where n i ∈ Z is the KK momentum and w i ∈ Z is the winding number in the i-th direction. by (the boundary of the worldsheet is located at τ = 0 on the cylinder).
where ∂ n = ∂ τ , ∂ t = ∂ σ . Inserting the mode expansion (2.1) then gives the following condition on the oscillators and zero modes
In the following we will focus on two (Euclidean) directions i = 1, 2 compactified on circles of radius R 1 , R 2 respectively. The metric metric and magnetic field given by 6) In this case the boundary state takes the form
Where C is a e independent normalization factor and
is an orthogonal matrix.
The zero mode part | B 0 of the boundary state which solves (2.5) is given by
(2.9)
In the limit R 1 → ∞ only the zero mode sector w 1 = 0 survives. Note however that the winding w 2 along the X 2 modifies the momentum in the X 1 direction. For notational simplicity we will drop the index on the winding number w 2 and the circle radius R 2 and replace them by w and R respectively.
A open string field X(σ) is located at τ = 0. The presence of the magnetic field modifies the OPE
In particular a boundary vertex operator of the form e i √ 1+e 2 X 1 has conformal dimension one. Indeed this operator can be used to define an exactly marginal deformation of the boundary state (2.7).
The part of the boundary state which does not involve any oscillators in the X 1 direction can be evaluated by simply expanding the boundary deformation in λ and using (2.10) to evaluate the correlators,
Using the fact
One can express (2.12) as
(2.14)
An analytic continuation X 1 → iX 0 turns the spacelike coordinate X 1 into a timelike coordinate X 0 . The boundary state stays real if one also continues e → −ie, this analytic continuation corresponds to turning on an electric field in the 0, 2 directions instead of a magnetic field in the 1, 2 direction. After analytic continuation to the timelike case (2.14)
An alternative calculation of the boundary state of a rolling tachyon in a background electric field, involving a T-duality on R, a boost and another T-duality was given in [14] and gives the same result.
The origin of the matrix M in (2.7) can be understood more clearly in the latter description: It merely reflects the Lorentz transformation on the pair (X
R ) since the T-dualization maps the electric field e to the velocity e. Therefore, it is clear the oscillator part of the boundary state looks more or less the same as the case with e = 0, once we use the co-moving coordinates in the T-dual description. In particular this implies that the oscillator part of the boundary state is as simple as before, if we concentrate on the part involving oscillators from 25 spatial directions in the co-moving frame of T-dual description. The latter can then be expressed in the following way: 
Decay of D1 with electric flux
The decay of the unstable brane into closed string modes has been discussed in [19] .
Here, let us concentrate on the case of D1. The basic object is the one point function on the disk of a closed string state E, w, N |, with energy E winding number w and left-right symmetric transverse oscillator excitations of level N ,
Where E appearing on the right hand side of (3.1) is related to the closed string energy E s by
and E s satisfies the usual mass shell condition
The total number of closed string states and the total energy produced in the decay of the brane is then given byN 
The obvious choice of the gauge is then to adopt the same timelike gauge as in [19] , except that now the timelike oscillators in the T-dual co-moving coordinate system are set to zero. This not only kills complications due to timelike oscillators in Sen' boundary state, as in [19] , but also removes possible extra e-dependence that could have arisen from the matrix M . In the co-moving frame, e-dependence of M is absorbed by the oscillator redefinition.
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This way, the only net effect of e in summing over the states will come from the zero mode part multiplied by simple exponential factor (3.5). With this, the total radiated energy for large N behaves as
where we restored the normalization factor of R. In the sector with no winding w = 0, (3.6) is exponentially suppressed because of the electric field. This implies that the amount of energy radiated away into unwound closed string is negligible [13] [29] .
However if the winding modes are taken into account the picture changes drastically.
Again with large N , the winding sectors such that
with small ξ can be seen to contribute without exponential suppression. Expanding the exponent in (3.6)
It is easy to see that the Hagedorn growth is cancelled by the exponential suppression coming from e −2πE . In the spirit of large N limit, we will replace the sums over w and N to integrals
which in turn gives,
Recall that along the saddle points 11) up to higher order corrections in 1/N . Then, the integrals become
Evaluating this, we find all factors of N and √ 1 − e 2 drops out, and a simple integral
Note that, with the winding mode taken into account, the exponential suppression disappears and the total energy becomes linearly divergent. This is the same behavior as for the D0 brane in [19] , and indicates that the energy of the decaying D1 branes (with electric field) goes mainly into highly wound strings.
To make contact with the low energy result described in section 1, let us note that the saddle point condition (3.7) can be written in terms of string energy as
which gives string charge string energy = e. To summarize, we found that decay of D1 proceed primarily by many single string emissions and that individual strings emitted satisfy the above condition. This is a strong evidence that the unstable D1 with electric fields become a collection of strings with winding numbers in a manner precisely predicted by low energy approach.
As an aside, let us discuss one obvious consequence in the decay process. Note that the width of the Gaussian distribution for k ⊥ is N 1/4 , so the typical string has transverse velocity, 16) which is suppressed by a factor of (1 − e 2 ) 1/4 when string charge dominates the energy.
Furthermore, since the winding energy is quantized in unit of R, the closed strings emitted tend to be rather heavy as E s > |w||R| ≥ |R| ≫ 1 when R is large. Although the unstable D-brane is disintegrated into a number of such winding strings quickly, these closed strings take long time in "radiating" into the nearby spacetimes. The suppression comes primarily from having to radiate heavy strings with winding modes.
Cylinder amplitudes
By unitarity the total number of closed string states can be related to the imaginary part of a cylinder amplitude constructed from the boundary state. Although the open string interpretation and modular transformation properties of the full cylinder amplitude (including the real part) are still unclear it is useful to understand the absence of exponential suppression found in section 3 from this perspective. For the number of closed strings states emitted by a decaying brane one finds [19] ,
Note that the dependence on the electric field e in the cylinder amplitude comes purely from the zero mode contribution. This can be understood from the fact that the chiral rotation, discussed in section 3, leavesL 0 and hence the propagator on the right hand side of (4.1) invariant.
The one point function is given by (3.1) where E is given by (3.2) .
states w 
2 ) e 2πik 0 n .
(4.4)
Putting everything together (4.2) becomes
states w n>0
Where E s is given by (3.3). The Gaussian integrals over k 0 and the twenty four transverse
states w n>0 The summation over transverse string oscillators produces Note that the absence of an exponential suppression in the ultraviolet (s → ∞) region of the integral since the exponentially growing term in the exponent of (4.9) is cancelled by the n = 1 term precisely. Note that the cylinder amplitude also gives an indication that analysis given in section 3 is correct. A electric field dependent change in (3.4) and (3.5) , that changes the saddle point calculation given in section 3, should also invalidate the cancellation in (4.9), and this does not happen.
Summary
We studied closed string one point amplitude on the boundary state of unstable Dbranes. Wrapping a D1 on a circle, and turning on electric field along the circle, we find that closed strings produced by the decay are primarily given by certain winding strings with a definite ratio between the winding energy and the oscillator energy and that all energy of the initial system is accounted for by this decay channel.
This indicates that the final state of unstable D-brane in the tree-level approximation is really made of closed strings with winding number, in accordance with previous expectation based on low energy approaches. In terms of languages of the latter, the combined system of string fluid and tachyon matter is really a macroscopic collection of stretched fundamental strings with high frequency oscillations moving along the length. While the one-point amplitude is most telling for case of unstable D1, we expect that the same closed string interpretation will work for higher dimensional D-branes. In the large radius limit, this also implies that produced strings are extremely heavy and do not easily disperse into the neighboring spacetime.
